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I t  is pointed  out  tha t  to  ensure tha t  an opt imal  variat ional  wave function ~b 
having a certain symmet ry  satisfies the hypervirial  theorem for  W, it is sufficient 
tha t  iSW$, where S is the projector  onto  the symmet ry  type in question, be a 
possible variat ion of  ~b. Appl icat ion is made  to the tensor  hypervirial  theorem 
for  a toms.  
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An opt imal  variat ional  wave funct ion satisfies 

(3r ( H  -- E)r  + (r ( H  -- E)3~b) = 0. (1) 

The  usually invoked condition, which ensures tha t  it also satisfies the hypervirial  
theorem [1] 

(~b, (HW - WH)~) = 0 (2) 

for  a Hermi t ian  opera tor  W, is then that  [2] 

iW~, (3) 

be a possible ~r I t  is the purpose  o f  this note  to draw at tention to the fact that  this 
condit ion may  well be in conflict with the symmet ry  propert ies  of  ~b, and to replace 
it by another  condit ion which does not  have this defect. 

More  precisely, it can happen  tha t  iWr does not  have the symmet ry  of  ~b and so 
for  this reason alone, may  not  be a possible 3~b. ~ At  one extreme, if  iW~b itself has a 
definite symmetry ,  by hypothesis  different f rom that  o f  ~b, then this is no p rob lem 

1 We say "may"  because this depends on the nature of the set of trial functions. 

0040-5744[79/0052/0089/$01.00 



90 S.T. Epstein 

since (2) is then satisfied simply for reasons of symmetry. 2 However, as we will see 
by example below, it is not always the case that iW~ has a definite symmetry. 

Thus we would like a sufficient condition which respects the symmetry of ~b, and 
indeed having stated the problem its solution is almost self-evident. Namely if S 
(which commutes with H )  is the projector onto the symmetry type in question, 
then it is easy to show that it is also sufficient that 

iSW~, (4) 

which does have the same symmetry as ~b, be a possible 8~b. 

I f  S and W commute so that (4) has the same symmetry as ~b then, since S~b = ~b, 
(4) is the same as (3). I f  at the other extreme, i W~b has a definite symmetry different 
from that of  ~b, then since SW~h = 0, we recover the result that in such cases no 
special considerations beyond symmetry are needed to ensure (2). To give an inter- 
mediate example, consider an N-electron system with W = f(1),  i.e. W depends 
only on the coordinates of electron 1. Then iW~ is not antisymmetric if ~ is, and 
hence would not usually be a possible ~ .  One then readily finds that (4), with S 
the antisymmetrizer, is proportional to 

and hence we have derived the (obvious given that ~ is antisymmetric) result that 
the hypervirial theorem for f(1)  will be satisfied if that for ~f= 1 f(s) is satisfied. 

Our remaining examples are concerned with the tensor virial theorem [4, 5] for 
atoms. Here we deal with the set of  operators 

N 

Wij = ~ (p~(s)xj(s) + x/s)pi(s)), i , j  = x, y, z. (6) 

I f  we suppose that ~b is an eigenfunction of L~, the z-component of  angular momen- 
tum then one readily finds that symmetry alone ensures that the off-diagonal 
theorems are satisfied, and that the Wxx theorem will be satisfied if the Wu~ 
theorem is. Thus if we have an eigenfunction of Lz then all theorems will be satisfied 
if the W~ theorem and the ordinary virial theorem (the Wxx + Wuu + W~z = 
V theorem) are satisfied. 

Now to ensure that (3), with W = V, is a possible variation it is known [6] that 
one should allow for a uniform scaling of all electronic coordinates, while to ensure 
that (3) with W = W~ be a possible variation one should [4] also allow for an 
extrascaling of the z-coordinates. Further clearly neither of  these scalings will upset 
the property of  being an eigenfunction of L~ since the former leaves all angles 
unchanged while the latter leaves all azimuthal angles unchanged. However, the 
latter scaling obviously does conflict with having an eigenfunction of  L 2, and so if 
one wants also to have an eigenfunction of L 2 one must turn to (4), with S the 

2 Examples can be found on pages 96-101 of [3]. 
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pro jec to r  onto  the  eigenvalue o f L  ~, and  with W = W~ in o rde r  to learn  wha t  to  do. 

I f  one does this for  a single e lect ron in a central  field 

r = R(r) Ylm (7) 

one readi ly  finds that ,  to within an i r re levant  addi t ive  mul t ip le  o f  ~b, i S W ~ r  is 
p r o p o r t i o n a l  to  

dR 
r - ~  Y~, (8) 

i.e. is p ropo r t i ona l  to iVy, and  so one has the result  that  if  the o rd ina ry  virial  
theorem is satisfied, then all the tensor  theorems will be satisfied. 

F o r  the even par i ty  M = 0 P-states  3 o f  hel ium [7] 

r = (xlY2 - x2yl)F(rl ,  r2, rl'r2) (9) 

one again  finds af ter  a bi t  o f  s t ra ight - forward  " C I e b s c h - G o r d a n r y "  tha t  i S W ~ r  
is essential ly the same as iV~b, so again i f  the  o rd ina ry  virial  theorem is satisfied 
then  the tensor  theorems will also be satisfied. 

Final ly ,  we have looked  at  the odd  par i ty  M = 0 P-s ta tes  o f  hel ium, but  have no t  
been able to comple te  the analysis. Here  [7] 

r = zlF(rl ,  r2, rl.r2) + z2F(r2, rl, rl.r2) =- z lF  + z2ff (10) 

and  one finds tha t  

~F  ~ F  0 F  ( r l .  r2) &F &F 
3 r z ~ r  ~ + r 2 F r  2 + 4(r l . r2)  ~ + 2 + r~ (11) 

r l  ~rl ~(r l . r2)  

should be a possible  3F. The first three  terms can b e  real ized by a s imple scaling 
(different for r l  and  r~), however,  we have thus far  been unable  to  see how to 
implement  the last  two terms. ~ 
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a Evidently for an atomic S-state, symmetry alone will ensure the tensor theorem if the ordinary 
theorem is satisfied. 

Equivalently we have not been able to evaluate (exp iaSW~zS)~b where a is a real constant. 
It is perhaps of interest to note, however, that if F = F(rl, r~(1 - 2 cos 2 0,)) then the second 
line vanishes identically. 


